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Abstract – The physical-mathematical model of the 
discharge structure development which consis-
tently describes electro dynamical processes within 
the discharge gap and variation of the voltages and 
currents in the high-voltage pulse generator is pre-
sented. Based on numerical realization of the 
model program application is used for quantitative 
description of the field and current characteristics 
of the propagating discharge channels. Simulation 
results of the condensed dielectric breakdown in 
the needle-plain electrode geometry are presented. 
1. Introduction 
Investigation of the electrical discharge development 
in the condensed dielectrics is interested both theo-
retically and experimentally due to active develop-
ment of the high-voltage pulse power equipment and 
electrical discharge technology [1,2]. Using of the 
mathematical modeling is expedient for quantitative 
description and prediction of the discharge develop-
ment. Simulation of the discharge structure growth is 
considered in papers [3,4], however simulation was 
carried out only until the bridging of the electrode 
gap by the discharge structure. The model which con-
sistently describes discharge channels development 
and pulse-voltage generator operation both at the 
growth stage and at the stage of energy injection in 
the plasma channel is presented.  
2. Model 
Discharge structure development in the dielectric 
and operation of the pulse-voltage generator are 
simulated on the base of equivalent oscillatory cir-
cuit. The equivalent circuit of the high voltage gen-
erator consists of capacitance C, resistance R, induc-
tions L, L1 and key K (Fig. 1). Choice of the given 
scheme is conditioned by the type of generators 
which is used in high voltage laboratories and pulse 
electrical discharge technology. Electric load con-
sists of discharge gap which parallel connected with 
the stray capacitance Cs of the supply conduction 
path. Precharge capacitance C is the energy collec-
tor, and the circuit inductions L, L1 consists of the 
inductions of switches K, generator capacitors and 
discharge gap.  

 
 

The variable circuit resistance R takes into account the 
resistance of the generator conductors and spark 
switches of the generator K. It is supposed that after 
circuit commutation (point of time t=0) the resistance 
R exponentially decreases: 
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where R0 is the initial resistance at the instant time 
t=0, R1 is the limit minimal value of the resistance, 
Value of the R1 for the usually used 6–10 stepped 
Arkadiev-Marks multiplying circuit generators with 
the air switches is equal to 1–3 Ohm; θR is the 
resistance decrease characteristic time. Stray 
capacitance Cs is the sum of the stray capacitances of 
the elements of construction. After bridging K, the 
sum of the voltage drops across the circuit elements is 
equal to zero: 
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where UC is the generator capacitance C voltage; 
UR=IR is the voltage drop across the resistance R; 
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L1; UD is the voltage drop across the discharge gap; 
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Fig. 1. The equivalent circuit of the high-voltage gen-
erator and the discharge gap: C is the generator ca-
pacitance, K is the key, L and L1 are the circuit induc-
tions, R is the variable resistance of the circuit, sC is 
the stray capacitance
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The voltage drop UD(t) and the discharge gap cur-
rent ID(t) calculated with the help of the equations (1)–
(3) consistently with discharge development simula-
tion within the dielectric.  

The model employed describes growth of the 
discharge channels, movement of charges along the 
channels, dynamics of the electric field and time varia-
tion of the channels conductivity. The discharge de-
velopment is considered in the needle-plain electrode 
geometry. The step probability function of the local 
field is used to describe the channel growth. The prob-
ability density ωn of the conductive channel growth in 
direction n  is assumed to be proportional to the 
square of the local field projection En on this direction, 
if the projection value exceed the critical strength: 
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where α is the growth rate coefficient, cE  is the criti-
cal field for discharge channel growth, θ(x) is the step 
function (θ(x) = 1, for x>0 and θ(x) = 0 for x≤0). 
Quadratic dependence of the growth probability of the 
discharge channel is caused by that the electric field 
energy is spent on the conductive phase formation. 

The electric potential distribution φ within the 
dielectric is calculated from the Gauss theorem for 
dielectric: 

 0ερϕε /)( =∇⋅−∇ , (5) 
where ε0 and ε are absolute and relative dielectric 
permittivities, ρ is the total volume density of free 
charges in the dielectric and discharge channels. 

The change of the volume charge density   in the 
insulator is calculated from the charge conservation 
law: 
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where ρV is the volume charge density in the insulator, 
σ is the specific conductivity of the dielectric. 

The change of the linear charge density ρℓ along 
the discharge channel is determined by the continuity 
equation and Ohm law: 
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where γ is the conduction of the channel length unit, 
which is determined as the product of the channel 
cross-section square and specific conductivity of the 
plasma within the channel, ℓ is the coordinate along 
the channel, El is the electric field projection onto the 
channel direction.  

The change of the linear channel conduction dur-
ing the discharge development is determined by the 
modified Rompe-Wiezel equation [5]: 
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where χ and ξ are parameters of the rate of increase 
and decrease of the conduction respectively. The first 
term in the right part of equation (8) is related to in-

creasing of the conduction due to Joule energy release 
within the discharge channels. The second term de-
scribes the conduction decay due to energy dissipation 
into the surrounding space.  

The matching of the high-voltage generator op-
eration and discharge development is realized with the 
help of the boundary condition. The potential value of 
the positive electrode SP (upper side of the simulation 
region and needle) is equal to discharge gap voltage 

DS U
P
=ϕ , the potential value of  the ground electrode 

S0 (bottom side of the simulation region) is equal to 
zero 0

0
=Sϕ  (Fig. 2).  

 
 
 
 

Besides, the equality of the total current across the 
potential electrode and the discharge gap current takes 
place: 
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The first term under the integral in the equation (9) is 
related to displacement current across the potential 
electrode surface, the second term is related to bulk 
conductivity current. The sum in equation (9) corre-
sponds to the total conductivity current along the dis-
charge channels, connected with the electrode. On the 
lateral sides of the simulation region the cycle bound-
ary conditions are specified.  

3. Simulation results 
Simulation of the discharge development has been 
carried out in the case of the needle-plain electrode 
geometry. Computer experiments are made at the fol-
lowing parameters of the discharge circuit C = 10 nF, 
L = 23 μH, L1 = 0,1 μH, CS = 0,2 nF R0 = 10 MOhm, 
R1 = 2 Ohm, θR = 10 ns. The discharge gap equals 
2·10-2 m, relative dielectric permittivity of the insula-
tor ε = 81, initial voltage of the generator capacitor 

3000 =CU  kV. The model parameters have been se-
lected so as to provide a good match to measured spa-
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tial temporal and current characteristics of the discharge 
development in deionized water. The following values 
for the parameter set have been used to simulation 
EC=15 MV/mv, α=7,5·10–9 m2·V2/s, γ0 =1,5·10–9 S·m, 
χ = 1·10–5 S·m2/J, ξ = 1,5·107 s-1.  

Discharge starts with the formation of one or sev-
eral channels at the initiating needle, when the electric 
field strength exceeds the critical field (t = 137 ns). 
Channels propagation speed increases with discharge 
voltage grows and discharge structure approaches to 
the ground electrode (Fig. 3a-c). Average speed of the 
discharge structure development equals v = 3,9·104 
m/s. This value is in a good agreement with measure-
ments of the discharge speed propagation in the nano-
second time interval [6,7]. As a result of discharge 
structure growth electrode gap bridging by main dis-
charge channel occurs (the main discharge channel is 
shown in Fig. 3c by thick line). Due to the fact that the 
most part of the current flows through the main dis-
charge channel, the conduction of the remaining chan-
nels quickly decrease and they decay. As a result only 
the main discharge channel remains (Fig. 3d). 

 

 
After bridging of the electrodes gap by the dis-

charge channel the sharp increase of the discharge 
current and reduction of the discharge voltage occur 
whereas inductive voltage increase (Fig. 4). The short 
oscillations which occur after reduction of the dis-
charge voltage are caused by the stray capacitance 
Cs discharging. These oscillations come to stop in a 
 250 nanosecond. 

 

 
After dielectric breakdown damped oscillations 

begin in the generator circuit (Fig. 5). During this 
process the main discharge channel acts as the vari-
able nonlinear resistance. At each point of time the 
sum of the voltage drops across the discharge circuit 
elements is equal to zero.  
 

 
Period of the oscillation is determined by the in-

duction L and capacitance C of the generator. At the 
chosen simulation parameters oscillations stop occurs 
in a five microsecond. The oscillation of the discharge 
voltage has trapezoidal form. It is caused by the varia-
tion of the main channel conduction during the dis-
charge process.  

The oscillations of the current and voltage result in 
periodical variations of energy released within the 
discharge channel (Fig. 6). 

 

Fig. 3. Discharge channels structure at the various points
of time t: a) t = 161 ns, b) t = 175 ns, c) t = 188 ns,
d) t = 288 ns 

а) b) 

c) d) 
Fig. 5. Time dependencies of the discharge voltage
and discharge current 
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Fig. 4. Time dependencies of the discharge voltage,
discharge current and inductive voltage at the growth 
stage and bridging point of time 

0 50 100 150 200 250 300

-4

-2

0

2

4

6

8

-100

0

100

200

300

400

500
 generator capacitance current

cu
rr

en
t, 

kA

time, ns

 discharge voltage
 inductive voltage

voltage, kV

229

___________________________________________________________________________________________Poster session



 

 
At the instant time the energy stored in the genera-

tor capacitor is equal to 450 J. The total energy which 
released within the main discharge channel amounts to 
85 % of the energy accumulated in the generator ca-
pacitance. Almost half of the released energy has re-
leased during the first half-period of the discharge 
oscillation. Other part of the energy released within 
the active resistance R of the generator. 

Oscillation of the power leads to the oscillation of 
the breakdown channel conduction (Fig. 7). Mini-
mums of the conduction are related to the time points 
when the current takes on a zero value. 
 

 
 
 
 
 

Time dependencies of the electrical characteristics of 
the main discharge channel are in qualitative agree-
ment with the experimental data [8,9]. Quantitative 
differences are related with other type of the generator 
and discharge conditions. 

4. Conclusion 
The presented mathematical model takes into account 
main processes determining the dielectric breakdown 
consistently with the high-voltage pulse generator opera-
tion. On the basis of the numerical realization of the de-
veloped model program application has been created 
permitting computer simulation of electric discharge 
development in the dielectric for the needle-plain elec-
trode geometry. Obtained discharge characteristics in the 
liquid are in agreement with the experimental data. It 
improves the model adequacy and workability. The cre-
ated model may be used for the investigation of the dis-
charge phenomena in the dielectric and improvement of 
the electrical discharge technology. 

This work was supported by grants of RFBR 
№ 05–08–50203, and CRDF №RUE 1–1360(2)–T0–04. 
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Fig. 6. Time dependencies of the total energy and
Joule power release within the breakdown channel 
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Fig. 7. Time dependencies of the maximal conduction
of the discharge channels and electrode gap resistance
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