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Abstract – The aim of present work is investigation 
of combined liquid-solid dielectric breakdown be-
tween needle-needle laid electrode geometry and 
the discovering of possible reason of the discharge 
channel inculcation into the solid dielectric. The 
volt-second characteristics of the liquid and solid 
dielectrics are simulated in the needle-plain elec-
trode geometry. The breakdown occurs earlier in 
solid dielectric at high applied voltage steepness, 
but at steepness breakdown occurs preferably in 
liquid dielectric. The characteristics of discharge 
channel inculcation into the solid dielectric are ob-
tained. It is found that the discharge inculcation 
efficiency into the solid dielectric rises with in-
crease of the voltage steepness. 
1. Introduction 
Investigation of the discharge channel inculcation into 
solid dielectric in case of liquid-solid dielectric break-
down is interested both scientific and practical view-
point due to active development of the high-voltage 
pulse power equipment and electrical discharge tech-
nology such as electrical grinding and drilling [1–4]. 
Usage of the mathematical modeling has great poten-
tial for quantitative description of the discharge devel-
opment and prediction of the discharge trajectory. 

Success in simulation of stochastically branched 
growth of discharge channels has been achieved due 
to development of dielectric breakdown model [5]. In 
this model the initiation and propagation of channels 
stochastically depends on the electric field. The field 
is calculated by solution of Laplace’s equation, and 
the existing discharge structure has been considered as 
an extension of the electrode. The probability of chan-
nel extension is assumed to be proportional to a power 
of the local field strength. The model has been im-
proved [6] with the introduction of a critical field 
strength for channel growth and constant voltage drop 
along the channels. However, these models are limited 
since they lack consideration of charge transport along 
the discharge channels. To overcome these limitations 
a self-consistent approach to modeling has been de-
veloped in papers [7–10]. According to this approach 
channel growth electric field variation, charge move-
ment and change of channel conduction are considered 
as self-consistent and interrelated processes. In the 
present paper the model is further developed and used 

for investigation of the discharge channel propagation 
development in combined solid-liquid dielectric. 

2. Model of discharge development 
Discharge channels development is simulated with the 
help of a numerical discrete model created on the base 
of the stochastic-deterministic approach [7–10]. The 
discrete algorithm involves stochastic description of 
growth of the discharge channel and deterministic 
calculation of electric field by means Poisson equa-
tion, charge dynamics on the basis of Ohm law and 
charge conservation law and the channel conduction 
variation with the aid of a modified Rompe-Wiezel 
equation. Total equations system is presented in [10].  

Solution of the numerical equations is carried out 
by means of explicit-implicit scheme using the physi-
cal process separation method. The discrete time steps 
n with the constant interval Δt are used in the model. 
The simulation region is covered by uniform cubic 
lattice of side h. The state of each lattice point (i, j, k) 
at the time step n is characterized by the variable po-
tential 

n
kjiϕ  and charge density 

n
kjiρ . The discharge 

channels structure is represented as a set of the linear 
elements (i, j, k, i’, j’, k’) connecting centers of the 
adjacent lattice points (i, j, k) and (i’, j’, k’). The chan-
nel elements at the time step n are characterized by 
linear conduction 

n
'k'j'ikjiγ . The material state at each 

lattice point (i, j, k) is determined by the following 
values: relative permittivity εijk, critical field 

c
kjiE

, 
specific conductivity σijk, growth rate αijk, initial linear 
conductivity (γ0)ijk and increase χijk and decrease ξijk  
coefficients of the linear conduction.  

At each time steps an arbitrary number of lattice 
points can be appended to the previous discharge 
structure. The probability of the discharge structure 
element formation between the point (i’, j’, k’) and the 
point (i, j, k) of the existing discharge structure is 
given by: 
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where
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is electric field

 
strength, h is the distance between points (i, j, k) and 
(i’, j’, k’). The attachment of the new points to the 
discharge structure occurs, if a random number R with 
uniform distribution within the interval [0..1) will be 
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less than
 

1+n
'k'j'ikjiP
 
and does not occur otherwise. The

 
attachment probabilities for different points are statis-
tically independent.  

Distributions of electric potential and charge den-
sity at the time step n are calculated as: 
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, 
where Aijk  is the set of neighboring points with the 
point (i,j,k) without diagonal neighbors, Bijk  is the set 
of neighboring points with the point (i,j,k) together 
with diagonal neighbors.  
The linear conduction at the time step n+1 is given by: 
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, (4) 
The model includes five parameters, α, EC, χ, ξ, γ0, 
which, together with the form of the sample and elec-
trodes geometry determine spatial-temporal and cur-
rent characteristics of the discharge. 

3. Simulation results 
Simulation of the discharge development has been 

carried out in the needle-plane electrode geometry for 
liquid and solid dielectric and in the needle-needle elec-
trode geometry for the combined liquid-solid dielectric. 
To determine influence of the voltage steepness on the 
discharge channel volt-second characteristics of the 
liquid and solid dielectrics breakdown have been ob-
tained in the needle-plane electrode geometry. The 
choice of the simulation parameters is based on the 
comparison of simulation results and experimental volt-
second characteristics which are presented in [2]. The 
model parameters related with the dielectric properties 
were different for solid and liquid phase (Table 1). 

Table 1. Model parameters 

 cE  
MV/m 

ε  
α ·10-8 
m2/V2·s 

0γ  
10-9 S·m 

χ ·10-5 
S·m2/J 

ξ  
107·s-1 

liquid 15 81 3 1,5 1 1,5 
solid 25 5 20 5 3 5 

 
The distributions of the breakdown time lags and in-

stantaneous values of the applied voltage at the break-

down are shown in Fig. 1. The breakdown occurs pref-
erably in solid dielectric at high applied voltage steep-
ness (A>540 kV/μs), but at low voltage rate breakdown 
occurs earlier in liquid dielectric (A<540 kV/μs). 
The simulated voltage-time characteristics (Fig. 1) are 
in good agreement with the experimental data pre-
sented in [2]. 

 
This fact can be explained by the higher values of 

the critical field EC for channel initiation and higher 
speed of channel propagation in solid dielectric in 
comparison with the liquid dielectric. The higher criti-
cal field in the solid dielectric leads to the later initia-
tion of the discharge but due to higher speed of chan-
nels propagation the breakdown time of the solid di-
electric less than the liquid at the higher voltage steep-
ness (Table 2). In Table 3 the time and average speed 
of the discharge channels growth are shown. The 
growth speed is determined by growth rate coefficient 
α, the initial channel conduction γ0, increase χ and 
decrease ξ conduction coefficients.  

Table 2. Breakdown time lags 
Initiation times, 

ns 
Breakdown time, 

ns A, 
kV/μs liquid solid liquid solid 
250 685 ± 12 903 ± 1,5 808 ± 11 925 ± 2 
540 423 ± 6,2 481 ± 2,8 522 ± 4,4 501 ± 2,6 

2140 164 ± 3 180 ± 1 225 ± 1,8 197 ± 1 

Table 3. Speeds of the channels growth 
Growth time, ns Speed, km/s A, 

kV/μs liquid solid liquid solid 
250 124 ± 6,8 21,5 ± 1.5 166,7 ± 10 968 ± 69 
540 97 ± 4,5 19,3 ± 0.9 210 ± 9,7 1057 ± 50 
2140 61 ± 2,6 17,4 ± 0,8 332 ± 13 1173 ± 57 

 
Simulation of the discharge propagation for nee-

dle-needle electrode geometry has been carried out for 
the voltage steepness values close to ones used for the 
needle-plain geometry. Parameters describing proper-

Fig. 1. Breakdown time and voltage distributions for 
liquid and solid dielectrics. 1 – A= 2140 kV/μs,
2 –A=540 kV/μs, 3–A = 250 kV/μs, approximations: 
—for solid, --- for liquid. Electrode gap d = 2 cm 
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ties of the liquid and solid dielectrics were chosen the 
same as in the case of the needle-plane electrode sys-
tem. Electrode gap d was equal 2 cm. 

At the lower pulse steepness discharge channel 
growth begins in the liquid dielectric due to less 
critical field. Channel trajectory is placed mainly 
along solid-liquid interface within the liquid and the 
inculcation into the solid dielectric is unlikely (Fig. 2) 
(the main discharge channel is shown in Fig. 2b by 
thick line).  

 

 
At the high pulse steepness inculcation of the dis-

charge channels into the solid dielectric is more 
probably. Discharge starts with the formation of one 
or several channels from the initiating needle, when 
the electric field strength exceeds the critical field. 
Discharge channels development begins in the liquid 
dielectric due to smaller critical field EC for channels 
growth there. Inculcation occurs when electric field 
strength at the channel tips exceeds the critical field 
for the solid dielectric. Despite the fact that growth of 
the discharge channels continues in the liquid dielec-
tric, channels which propagate in the solid dielectric 
bridge first the discharge gap due to greater propaga-
tion speed in the solid dielectric (Fig. 3).  

As a result of discharge development electrode gap 
bridging by main discharge channel occurs (the main 
discharge channel is shown in Fig. 3b by thick line) in 
which the pulse generator energy will be released.  

 

 
Fig. 3. Discharge structure development in combined 
solid-liquid dielectric at voltage rise rate A = 2140 kV/μs 
a) t = 200 ns, b) t = 221 ns  

Efficiency of the electrical discharge destruction of 
solid material depends on the depth of the channel 
trajectory inculcation into it. For quantitative evalua-
tion of the discharge channel inculcation in solid di-
electric we used the efficiency of inculcation P, the 
maximal deep of inculcation hmax and the average deep 
of inculcation <h>.  

The efficiency of inculcation is defined as: 

 
z

L
l dlhP

M

∫= , (5) 

where h1 is the distance between discharge channel 
segment dl and the interface layer, dlz is the projection 
of the segment dl onto the interface. The integration is 
made over the trajectory LM of the main discharge 
channel connecting the electrodes. 

Maximal depth of inculcation is defined as: 

 
l

L
max hmaxh

M

= . (6)
 

Average depth of inculcation is calculated as: 

 zl/Ph >=< , (7) 
where lz is the length of the projection of the trajectory 
LM onto the interface. 

To investigate pulse steepness influence on incul-
cation characteristics computer experiments carried 
out for different values of the voltage rise. The results 
are presented on the Fig. 4 – Fig. 6 (an average of ten 
computer experiments).  

Fig. 2. Discharge structure development in combined
solid-liquid dielectric at voltage rise rate A = 250 kV/μs:
a) t = 700 ns, b) t = 832 ns  
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Increase of the pulse steepness rise leads to the in-
crease of all inculcation characteristics. Increase of the 
efficiency of the steepness inculcation into the solid 
 
 
 

with the growth of the voltage steepness can be con-
sequence of the greater speed of discharge channels 
propagation and higher critical field EC for channel 
growth within the solid dielectric in comparison with 
liquid dielectric. Thus by the stochastic-deterministic 
modeling it is possible to simulate effect of the dis-
charge channel inculcation into solid dielectric which 
is observed when pulse steepness increases [2]. 

4. Conclusion 
Simulated volt-second characteristics of the liquid and 
solid dielectrics breakdown in the needle-plane elec-
trode system are in a good agreement with the experi-
mental data. Analysis of the simulation results allows 
us to find that the greater speed of discharge channels 
propagation and higher critical field within the solid 
dielectric in comparison with liquid dielectric leads to 
increase of the efficiency of the discharge channels 
inculcation into the solid dielectric with the growth of 
the voltage rise rate: 

The obtained results can be used for the improve-
ment of the pulse power equipment and technology of 
the electrical drilling and destruction.  

This work was supported by grants of RFBR №05–
08–50203, and CRDF №RUE 1–1360(2)–T0–04. 
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Fig. 6. Average value of maximal inculcation with
standard deviation as a function of voltage steepness 
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Fig. 5. Average value of mean inculcation depth with 
standard deviation as a function of voltage steepness 
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Fig. 4. Average value of inculcation efficiency with
standard deviation as a function of voltage steepness 
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